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Abstract 
In this paper, we make a comparison between two management strategies of hydroelectric power plan consisting of 
multi-reservoirs. The first strategy is base on the maximization of the reservoir contents at the end of the exploitation 
horizon. The second strategy is base on the maximization of the reservoir contents at the end of the sub-periods of the 
same exploitation horizon. 
To solve such problem, we propose a new objective function model which permits to minimize the use of water. This 
model is based on the enhancement of the water value in function of its location in any reservoirs of the system and 
of the waterfall height. Hence, the objective function is represented in function of the water potential energy stored in 
all reservoirs. 
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1. Introduction 
The short-term optimal operating strategy of hydroelectric power systems is a determinist problem [1-
2], which consists of choosing the preliminary selected quantity of water to release from each reservoir of 
the system over the planning horizon, in order to meet an hourly electric power demand assigned 
previously. The prime objective here is to perform the operating strategy with the lowest use of water, 
which is achieved by avoiding spilling and by maximizing the hydropower generation. In addition, all 
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operating constraints must be satisfied. The maximization of hydropower generation is achieved by 
maximizing the heads. Consequently, this allows maximizing the reservoirs content.  
To reach this objective, two management strategies are proposed. The first strategy is base on the 
maximization of the reservoir contents at the end of the planning horizon. The second strategy is base on 
the maximization of the reservoir contents at the end of the sub-periods of the same planning horizon. 
In order, to improve the performances of the management strategy, it is suggested to subdivide the 
short-term planning horizon into shorter horizons or sub-periods. Thus, the objective becomes the 
maximization of the potential energy value stored at the end of the sub-periods horizons. Then, the final 
state of the sub-period horizon will be regarded as the initial state of the next sub-period horizon and so 
on. Hence, a reduced size problem is solved in each sub-period horizon. The scheduling results of the two 
strategies are presented and are compared. 
When modeling the problem, and for more accuracy, the following factors, which make the problem more 
complex, are taken into consideration; significant water travel time between reservoirs, the multiplicity of 
the input-output curve of hydroelectric reservoirs that have variable heads, the maximum generation of 
the hydropower plant varies with the hydraulic head i.e. the quantity of water required for a given power 
output decreases as the hydraulic head increases, the water stored in the upstream reservoir is more 
valuable than that stored in the downstream reservoir, whether the reservoirs have very different storage 
capacity and whether the system has quite complex topology with many cascaded reservoirs.  
To solve the short-term operating strategy problem, the discrete maximum principle [3-4] is used. While 
solving the equations relating to the discrete maximum principle, the gradient method [3] has been used. 
However, to treat equalities constraints the Lagrange’s multiplier method is used. And the inequalities 
constraints are treated by using the augmented Lagrangian method [5-8].  
The hydroelectric power system considered in this paper consists of ten reservoirs hydraulically coupled, 
i.e., the release of an upstream reservoir contributes to the inflow of downstream reservoirs. All reservoirs 
are located in the same river. The time taken by water to travel from one reservoir to the downstream 
reservoir [9] and the water head variation are taken into account. The natural inflow and the demand for 
electrical energy are known beforehand. The scheduling is stretched over one week divided into hours. 
The decision variables in the optimization problem are the amount of water to be released from each 
reservoir to their direct downstream reservoirs in a given period. The state variables are the contents of 
the reservoirs. 
 
Nomenclature 
( , )f fk kp i iE x h  potential energy of water stored in reservoir i  at the end of the planning horizon fk . This 
energy depends on the amount of water stored in the reservoir i , on its effective water head fkih and on 
the effective water head of the downstream reservoirs. 
fk
ix   content of the reservoir i  at the end of period fk , in Mm
3. 
n  number of reservoirs of the system. 
fk  the last hour of the planning horizon, in hours. 
m             the reservoir immediately preceding the reservoir i . 
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,k kmi miu v   respectively the discharge and the spilled outflows from the upstream reservoir m incoming    
later to the downstream reservoir i during period k , in Mm3. 
miS  time required for the water discharged from reservoir m to reach its direct downstream 
reservoir i , in hours. 
( , )k k kp mi miE u v  total potential energy of the outflow from reservoir m, which will reach later the 
downstream reservoir  after the last hour of the planning horizon fk . 
k
iu  discharge from reservoir i  during period k , in Mm3. 
k
iv  spillage from reservoir i  during period k , in Mm3. 
k
iq  total inflow to the reservoir i  during period k , in Mm3. 
e  the extreme upstream reservoirs. 
k
iy  Natural inflow to the reservoir i  during period k , in Mm3. 
m ik s
m iu , mi
k s
m iv  The discharge and the spilled outflows, respectively, from the upstream reservoir 
m incoming later to the downstream reservoir i during period k , in Mm3. 
,i ix x  lower and upper bounds on reservoir storage capacity, respectively, for reservoir i , in Mm3. 
, iiu u  minimum and maximum bound on water discharge, respectively, of hydro power plant i , in 
Mm3. 
 0ix          initial content of reservoir i . 
D k  system load demand at each period k , in Mw. 
k
iP  Electric power generated by hydro plant i at period k , in Mw. The generation is a function of 
the water discharge kiu and of the effective water head 
k
iu .  
r  penalty weight. 
( 1)jk
i  Lagrange multipliers at iteration . 
 pre-selected step size. 
( )k ki ih x  Effective water head of hydropower plant i at period k  . 
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2. Mathematical model formulation 
 The main objective of the short-term operating strategy of hydroelectric power system is to maximize 
the reservoir’s contents which imply maximizing the value of potential energy stored at the end of the 
planning horizon, while satisfying demand for electrical energy and all other specified constraints. Thus, 
the suggested mathematical model for the deterministic short-term operating strategy of the hydroelectric 
power systems is as follows:  
 
2.1. The objective function 
 The main objective is to maximize the total potential energy of water stored in all the reservoirs. The 
formulation must take into account the fact that the water stored in one reservoir will be re-used in all its 
downstream reservoirs, hence, the water stored in the upstream reservoir is more valuable than that stored 
in the downstream reservoir, hence: 
1
max ( , ) ( , )
f
f f
f mi
kn
k k k k
P i i p mi mi
i k k S
E x h E u v
  
2.2. Operational constraints [1-2][10-15]: 
 
- Hydraulic continuity constraint: 
 The flow balance equation of each reservoir i  of the system, for every period k  is represented by 
the following hydraulic continuity equation: 
1k k k k k
i i i i ix x q u v  
Total inflow to the reservoir i  during period k , is :  
  if  .
( )  otherwise.mi mi
k
i
k
k s k ski
i mi mi
m
y i e
q y u v
  
- Limits on storage capacity of each reservoir i :  
k
i i ix x x  
 
- Limits on discharged outflow of hydro plant i : 
k
ii iu u u  
 
- Load constraints:   
 The total power generated by all the hydroelectric plants must satisfy the system load demand at each 
period of the planning horizon. In mathematical terms, this has the following form:  
1
n
k k
i
i
P D  
2.3. Modeling the short-term operating strategy problem 
 
 The suitable mathematical model proposed for the short-term scheduling problem of a hydroelectric 
power system is as follows: 
1
max ( , ) ( )
f
f f
f mi
kn
k k k
p i i p mi
i k k S
E x h E u                                                                                (1)  
Subject to the following constraints: 
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1k k k k
i i i ix x q u                                                                                                                           (2) 
1
n
k k
i
i
P D                                                                                                                                        (3) 
0 ki iu u                                                                                                                               (4) 
 ki i ix x x                                                                                                                              (5) 
To avoid the spillage, we make kiv  equal to zero. 
3. Solution method 
 The problem (1)-(3) is solved by using the discrete maximum principle as follows [3-8]:   
The constraint (2) is associated to the criterion (1) with the dual variable ki . Furthermore, to satisfy the 
balance between electric power demand and generation, the constraint (3) is associated to the criterion (1) 
with the Lagrange multiplier k , and then the function kH  called the Hamiltonian function is defined 
and has the following form:  
1
[ ( ] ( )
n
k k k k k k k k
i i i i i
i
H x q u P D                                                                                (6) 
Where ui
k and xi
k represent respectively the control and state variables. 
To take into account the possible violation of constraint (5) the following procedure is used:   
The two-sided inequality constraint (5) can be broken into two inequalities constraints and rewritten, 
following the substitution of equation (2) for kix : 
1( ) 0k k ki i i ix q u x                                                                                                               (7)  
1( ) 0k k ki i i ix q u x                                                                                                               (8)    
To treat these inequalities constraints the Augmented Lagrangian method is used [5-7]. It consists on 
adding the functions Ri
k  and kiQ  to the Hamiltonian 
kH  that penalizes respectively the violations of the 
inequalities constraints (7) and (8), i.e., the violation of lower and upper limits of the original constraint 
(5). Then the Hamiltonian H k  becomes as follows: 
1
[ ( )] ( )
n
k k k k k k k k k
i i i i i i i
i
H x y u P D R Q                                               (9)                     
The penalty function R i
k  is defined as follows [5-7]: 
R ri
k
i
k
i
k
i
k( ) 2                                                                                                            (10) 
The Lagrange multipliers at iteration  j+1 is updated as follows: 
( )
( 1) ( )
2  max( , )
2
j
j j
k
k k k i
i i i ir x x r
                                                                                         (11) 
The function ki  is determined as follows: 
max
2
( , )
k
k k i
i i ix x r
                                                                                                           (12) 
The penalty function kiQ is calculated in the same manner as
k
iR . 
The problem (1)-(5) becomes: 
m ax kH                                                                                                                                          (13) 
The necessary conditions for the optimum are: 
0
k
k
i
H
u
                                                                                                                                         (14) 
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To find the optimal water discharge trajectory ui
k  from Eq. (14), we must solve the difference’s equations 
(2) and the following equation called the adjoint equation [3] must be solved together:   
i
k
k
i
k
H
x
1
1
                                                                                                                                   (15) 
The boundary conditions for equation (2) and (15) are: 
- The first one is the initial state, which is specified, i.e., the initial content of all reservoirs is known, 
thus: 
k
i ix a                                                                                                                                              (16) 
- The second one is the terminal condition for the adjoint equation: 
( )f
f
f
k
k p i
i k
i
E x
x
                                                                                                                            (17) 
 The necessary conditions for the optimality constitute a two-point boundary value problem, where its 
solution determines the optimal state and control variables. This problem is solved iteratively by using the 
gradient method [3]. 
The proposed algorithm procedure for the second strategy proceeds as follow: 
   
Step 1 Initialization of the first sub-period, j=1. 
Step 2 Fixation of the parameters , r  and initialization of the multipliers k  and ki  , for 1, ...,i n  
and 1, ..., fk k . 
Step 3 Selection of an admissible control trajectory kiu  for 1,...,i n  and 1,..., fk k . 
Step 4 Utilization of the known initial contents 0ix  and the selected control trajectory 
k
iu , solve Eq. (2) 
forward in time to obtain kix .  
Step 5 Utilization of the known kiu , 
k
ix  and the terminal condition (10), solve equation (8) backward in 
time to obtain ki .  
Step 6 Adjustment of the multiplier k so as to have equilibrium between the demand and the 
generation. 
Step 7 Utilization of the known kiu ,
k
ix ,
k
i  and the adjusted 
k , to compute for all i  and k  the 
gradient kiG from Eq. (14). 
Step 8 Computation of the new trajectory kiu  using the following expression:  
k k k
i i iu u G                        (18) 
Step 9 If some values of the new control variable 
k
iu  that satisfy the optimality condition (14) violate 
the inequality constraint (4), we fix their values to their limits. The others are left free. Then we 
re-adjust the value of the multiplier k  in order to satisfy constraint (3).   
Step10 Computation for all i  and k  the new value of the gradient kiG  as done in step 6 using the new 
value of the multiplier k calculated in step 9.  
Step11 Computation of the new trajectory 
k
iu  using the following expression:  
     0 , m in ,k k ki i i iu M a x u u G  
If ,
k
k
i iMax u u  is greater than the desired accuracy limit, then set 
kk
iiu u  and go back to step 3. 
Step12 Verification if the state constraints (5) are satisfied within the desired accuracy limits. If not, 
update the value of the Lagrange multipliers ki and go back to step 3.  
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Step13 Verify whether the algorithm is performed for all the periods. If they are not, update the period 
( 1j j ) and go back to step 4. 
Step14   Printing the results. 
The algorithm proposed for the first strategy is the same as the one of the second strategy but without 
the steps 1 and 13. 
It is specified that the algorithm adjusts automatically the weights during the search progress starting from 
an initial weight. 
 
4. Test results 
 The both described algorithms of the strategies are implemented in FORTRAN. In order to compare 
their efficiency, we apply both of them to the same system, which is composed of ten reservoirs located 
on the same river as shown in Fig. 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.1: The reservoir network. 
 
The characteristics of the reservoirs and water time travel are shown in table 1. The natural inflows are 
assumed constant throughout the week in all reservoirs. Their values are depicted in table 2 as well as the 
initial contents of each reservoir. 
The electrical power produced in MW at the hydroelectric plant i during a period k  is given by the 
following expression: 
       ( , ) ( )k k k k ki i i i i iP h u h x u                                                                                                          (19) 
The hourly demand  in MW is shown in Fig. 2. 
                                         
                           Table 1. Characteristics of the installations. 
i  x i  (M.m3) iu  (M.m3/h) ih  (m) miS  (h) 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8777,2 
986,4 
998,0 
504,9 
8,5 
4,2 
4,8 
26,9 
4,54 
3,4 
1,1232 
0,5272 
0,5054 
2,5531 
2,4181 
2,5650 
2,5240 
2,7648 
3,0476 
3,4686 
0,00 
0,00 
0,00 
66,61 
114,18 
92,41 
83,28 
55,72 
107,66 
40,81 
55 
70 
42 
5 
7 
2 
22 
3 
2 
0 
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Fig. 2: Hourly demand profile during one week. 
5. Implementation of results  
 In this section, we present the results obtained from the implementation of the proposed strategy's 
algorithms described in the preceding section.  
The solution is obtained after a moderate number of iterations with all constraints being satisfied. 
 The weekly optimal water discharges from each hydroelectric plant, obtained by each strategy for the 
same conditions, produce a very different and significant storage evolution as well as for the outflow 
assessment, which are shown in figure 3 and table 3.  
The optimal scheduling of the water discharge conducts to the filling of the upstream reservoirs in 
comparison with the downstream ones.  
We can notice from the figure 3 that the second strategy provides better scheduling results at the end of 
the planning horizon. Indeed, as it is shown in table 3, the second strategy allows us to have the global 
storage of the reservoirs at the end of the planning horizon higher than the one obtained with the strategy 
one. 
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                             strategy 1                                                                                          strategy 2 
 
Fig. 3: Optimal evolution storage trajectories. 
(Top: reservoirs 1-4, Bottom: reservoirs 5-10) 
 
                                        Table 3. Initial and final contents of reservoirs 
Strategy 1 Strategy 2 Reservoir 
number 
 
 
 
 Initial contents 
(Mm3) 
Final contents 
(Mm3) 
Final contents 
(Mm3) 
1 4388,6 4411,73 4411,73 
2 493,18 552,72 552,72 
3 499,00 396,71 472,5 
4 252,5 35,81 42,01 
5 4,25 4,16 5,05 
6 2,6 1,88 1,13 
7 2,4 3,3 3,18 
8 13,45 18,12 25,34 
9 2,27 2,79 2,70 
10 1,7 2,88 0 
Total 5659,65 100% 
5430,1 
95,94% 
5516,36 
97,47% 
 
By comparing the results of the table 3, we notice that: 
 The final contents obtained by using the strategy 2 are greater than ones obtained in the strategy 1. 
 The decrease in the total contents in all reservoirs is 4,06% for the strategy 1 and only 2,53% for the 
strategy 2. 
 The amount of water stored in all reservoirs at the end of the planed horizon obtained by the strategy 2 
is greater than one found with the strategy 1.  
 
6. Conclusion 
 In this paper, we have presented a new model for the short-term operating strategy of hydroelectric 
power systems, which consists to maximize the potential energy of the whole system.  
In addition, two strategies for scheduling hydropower systems are presented.  
0
5
10
15
20
25
30
35
40
0 24 48 72 96 120 144 168
Period
S
to
ra
ge
x(k,5) x(k,6) x(k,7) x(k,8) x(k,9) x(k,10)
0
5
10
15
20
25
30
35
40
45
0 24 48 72 96 120 144 168
Period
St
or
ag
e
x(k,5) x(k,6) x(k,7) x(k,8) x(k,9) x(k,10)
234   A. Bensalem et al. /  Energy Procedia  18 ( 2012 )  225 – 234 
The first strategy is classic, based on the maximization of the reservoir contents at the end of the 
exploitation horizon. The second strategy is base on the maximazation of the resevoir contents at the end 
of the sub-periods of the same exploitation horizon. 
The second strategy has permitted us to have more potential energy of water stored in all reservoirs at the 
end of the planed horizon with all operating constraints satisfied. 
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